Feferman Interpretability and Applications
Logic Colloquium 2024, Gothenburg, Sweden

Joost J. Joosten Luka Mikec Albert Visser

University of Barcelona

Tuesday 28-06-2024

Joosten, Mikec, Visser Feferman Interpretability 1/15



Main themes of this talk

Interpretations

Interna sus external

Interpretations

» Interpretations are a main theme of this talk

Joosten, Mikec, Visser Feferman Interpretability 2/15



Main themes of this talk

Interpretations

Internal versus external

Interpretations

» Interpretations are a main theme of this talk

> A theory U interprets a theory V when there is a translation j
of the non-logical symbols of V
to formulas of U
so that
VEp = UF¢.

Joosten, Mikec, Visser Feferman Interpretability 2/15



Main themes of this talk

Interpretations

Internal versus external

Interpretations

» Interpretations are a main theme of this talk

> A theory U interprets a theory V when there is a translation j
of the non-logical symbols of V
to formulas of U
so that
VEp = UF¢.

» The translation j preserves logical structure,
for example
(VoY =¢ Vi
etc.
In particular
=1,
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» Arithmetised definition:
THWU V) i« 3 Ve(Oyyp — Oyg).

> A ¥3-complete notion
» When V is finitely axiomatised by v

THWU>V) < 3j0yv,
a X9%-notion
» When V is finitely axiomatised by v
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theories can have equivalent yet different axiomatisation

with different behaviours

> Prime example, Craig's trick

» Each theory T with an RE set of axioms is deductively
equivalent to a theory T’ with a REC set of axioms
» Proof: with Axioms(T) = {t1,t2,t3...} and f(n) = t,
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» Proof: with Axioms(T) = {t1,t2,t3...} and f(n) = t, with
runtime g(n) to compute f(n)
let Axioms(T") := {t{, t}, t; ...} be given by
g(1) copies
—
tp=(t1)V ...V (tr) ;
g(2) copies
th:=(At)V...V(tAt),
g(3) copies

th=(3At3AB) V...V (3 A t3At3);

» All considered theories are poly-time axiomatized.
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» When V is finitely axiomatised by v
THWUBV) + 3j0yv,
a X%-notion
» When V is finitely axiomatised by v
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> By Craig's trick we may assume V is finitely axiomatised

(wrong)
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» When V is finitely axiomatised by v

THWU>V) « Jjoyv,
a X%-notion
» When V is finitely axiomatised by v
THU>V) - Oy(U>V).
> By Craig's trick we may assume V is finitely axiomatised

(wrong)
» Feferman: there exists V'’ such that

THU>V) - v=V
and
THU>V) - Oy(U> V).
> In general

THF(UBV) » OyV=V)
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> Axiomy;(v) — (Axiomv(y)/\Dqu>

n
Uy

0 L 71 S,
Uy Uy ug
J

Vo B v ?l

.. Un )
Vi \A/ ANNAN> U \AJ'/
® gpj

» U VJ becomes a mere triviality

» Works for strong enough theories
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Feferman’s construct
Visser's adaptation

Feferman Interpretability

Troubles of the weak

2,0 .. 0 ...
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» Axiomy,(v) — (Axiomv(u)/\DUVJ)

» Possible problems

> Generally not a poly-time decidable (X%) axiom set for V/;
» proofs of the v; may be co-final in the U numbers;
P totality of exp needed for the Godel numbers to exist
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N/

Vo(x =7 x)
W w=r oo P =D
uh A (ph = P} v A (ph =7 ph
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Vi \A/ NN U \A/
¥ [
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> Axiomy,(v) +—
Jv, p<u<y ="vA(p=p)"AAxiomy(v) A Proof y(p, vj))
>
SiFj(U>V) - V=V

and ‘
SSFj: (U V) — Oy(Us W),

» In general

SIFj(UsV) = Oy(V=W)
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An application

Feferman interpretability applied

Formalised Interpretability

» One can study Modal logics for formalised interpretability

» The modal expression
A> B

will refer to the arithmetical sentence
(TH+A)>(T+ B
» Just as the modal expression
OA
will refer to the arithmetical sentence

OrA*.
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0OA — O0A;
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0O(A— B)— (A> B);
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Logics for interpretability
An application

Feferman interpretability applied

Interpretability logic

Some obvious principles define the basic logic IL
» Apart all propositional logical tautologies the axioms

> O(A— B) — (DA — OB);
> 0OA — O0OA;
> O(0A— A) — OA;
> O(A— B)— (A> B);

> ((A>B)A(B>C)) - (A C);

> (A= Q) A (B> C)) — ((AVB) = C);

> (A B) = (OA — OB);

> A A

» The only rules are Modus Ponens and Necessitation: D%‘.
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Logics for interpretability
An application

Feferman interpretability applied

Feferman and Visser in action

IL axioms: A B — O(Ak B)
O(A— B) — (DA — OB)

OA — OOA

O(0A— A) — DA

O(A— B) = (A>B)

((A|>B)/\(B|>C)) = (A Q)

((A>C)A(B>C)) N ((AVB)\>C)

(A> B) = (CA— OB)

CAD> A

More details and applications at

https://arxiv.org/abs/2406.18506
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Feferman interpretability applied

Feferman and Visser in action

IL axioms: A B — O(A>k B)
0(A— B) = (DA — 0B) — D(CA — OkB)
DA = HDA — O(CAADC = OkB ADC)

O(0A— A) — DA
O(A— B) = (A>B)
((A|>B)/\(B|>C)) = (A Q)
((A>C)A(B>C)) N ((AVB)\>C)
(A B) = (CA— ©B)

CAD> A
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Feferman and Visser in action

IL axioms: A B — O(A>k B)
O(A— B) = (DA — OB) — D(CA — OkB)
DA = DDA O(CAADOC — OB ADC)

O(0A— A) — DA
O(A— B) = (A>B)
((A|>B)/\(B|>C)) = (A Q)
((A>C)A(B>C)) N ((AVB)\>C)
(A B) = (CA— ©B)

CAD> A

H
— O(CAADOC — OB ADKOC)
— O <>A/\DC—><>"(B/\DC))
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Feferman and Visser in action

IL axioms: A B — O(A>k B)

0(A— B) = (DA — 0B) — D(CA — OkB)

DA = DDA — D(CAADC — OkB A OIC)
O(0A— A) — DA B P
O(A — B) s (A B) — O(CAANDC = OB ADBROC)
((A|>B)/\(B|>C))A(A>C) - D<<>AADC—><>k(BADC))
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(A B) = (CA— ©B)
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An application

Feferman interpretability applied

Feferman and Visser in action

IL axioms: A B — O(A>k B)

0(A— B) = (DA — 0B) — D(CA — OkB)

DA = DDA — D(CAADC — OkB A OIC)
O(0A— A) — DA B P
O(A — B) = (A B) — O(CAANDC = OB ADBROC)
((AeB)A (B Q) = (A= O) —~ 0(0ANDC — 0k(BADOC))
((A>C)A(B>C))—>((AVB)>C) — (CANDC) > OK(BADC)
(A B) = (OA — OB) — (CAADC) 5 (BADC)

QA A
More details and applications at

https://arxiv.org/abs/2406.18506
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Logics for interpretability
An application

Feferman interpretability applied

Feferman and Visser in action

IL axioms: A B — O(A>k B)

O(A— B) — (DA — OB) — O(CA — ©kB)

AR — D(OAADC — OKB ADIC)
O(0A— A) — DA . .
O(A — B) — (A B) — O(CAADOC — OB A D OC)
((AeB)A (B Q) = (A= O) —~ 0(0ANDC — 0k(BADOC))
((A>C)A(B>C))—>((AVB)>C) — (CANDC) > OK(BADC)
(A B) = (OA — OB) ~ (CAADC) Bk (BADC)
QAP A. — (CAANOC) > (BADOC)

More details and applications at

https://arxiv.org/abs/2406.18506
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