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Feferman Interpretability
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Internal versus external

Interpretations

▶ Interpretations are a main theme of this talk

▶ A theory U interprets a theory V when there is a translation j
of the non-logical symbols of V

to formulas of U
so that

V ⊢ φ =⇒ U ⊢ φj .

▶ The translation j preserves logical structure,
for example

(φ ∨ ψ)j := φj ∨ ψj

etc.
In particular
⊥j := ⊥.
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Idle Craig invocation
▶ For decent theories and languages:

▶ Arithmetised definition:

T ⊢ (U � V ) :↔ ∃j ∀φ(2Vφ → 2Uφ
j).

▶ A Σ0
3-complete notion

▶ When V is finitely axiomatised by v

T ⊢ (U � V ) ↔ ∃j 2Uv
j ,

a Σ0
1-notion

▶ When V is finitely axiomatised by v

T ⊢ (U � V ) → 2U(U � V ).

▶ By Craig’s trick we may assume V is finitely axiomatised

(wrong)
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Craig’s trickery

▶ Another main theme of this talk:

theories can have equivalent yet different axiomatisation
with different behaviours

▶ Prime example, Craig’s trick

▶ Each theory T with an RE set of axioms is deductively
equivalent to a theory T ′ with a REC set of axioms

▶ Proof: with Axioms(T ) = {t1, t2, t3 . . .} and f (n) = tn
let Axioms(T ′) := {t ′1, t ′2, t ′3 . . .} be given by

t ′1 := t1;
t ′2 := t2 ∧ t2;

t ′3 := t3 ∧ t3 ∧ t3;
...
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Interpretations
Internal versus external

To the boundary of Craig’s trickery
▶ Each theory T with an RE set of axioms is deductively

equivalent to a theory T ′ with a poly-time decidable set of
axioms

▶ Proof: with Axioms(T ) = {t1, t2, t3 . . .} and f (n) = tn with
runtime g(n) to compute f (n)

let Axioms(T ′) := {t ′1, t ′2, t ′3 . . .} be given by

t ′1 := (t1) ∨
g(1) copies︷ ︸︸ ︷
. . . ∨ (t1) ;

t ′2 := (t2 ∧ t2) ∨
g(2) copies︷ ︸︸ ︷
. . . ∨ (t2 ∧ t2);

t ′3 := (t3 ∧ t3 ∧ t3) ∨
g(3) copies︷ ︸︸ ︷

. . . ∨ (t3 ∧ t3 ∧ t3);
...

▶ All considered theories are poly-time axiomatized.
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Beyond the boundary of Craig’s trickery: Feferman
▶ When V is finitely axiomatised by v

T ⊢ (U � V ) ↔ ∃j 2Uv
j ,

a Σ0
1-notion

▶ When V is finitely axiomatised by v

T ⊢ (U � V ) → 2U(U � V ).

▶ By Craig’s trick we may assume V is finitely axiomatised

(wrong)
▶ Feferman: there exists V ′ such that

T ⊢ (U � V ) → V ≡ V ′

and
T ⊢ (U � V ) → 2U(U � V ′).

▶ In general
T ⊬ (U � V ) → 2U(V ≡ V ′)
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Feferman’s construct
Visser’s adaptation

Feferman’s trick

▶ AxiomV j (ν) :←→
(

AxiomV (ν) ∧2Uν
j
)

φ

vn· · ·v0

∆V j :

φj

vjn

unmn
· · ·un0

· · ·vj0

u0m0
· · ·u00

∆jU :

· · ·

▶ U � V j becomes a mere triviality

▶ Works for strong enough theories
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Feferman’s construct
Visser’s adaptation

Troubles of the weak

φ

vn· · ·v0

∆V j :

φj

vjn

unmn
· · ·un0

· · ·vj0

u0m0
· · ·u00

∆jU :

· · ·

▶ AxiomV j (ν) :←→
(

AxiomV (ν) ∧2Uν
j
)

▶ Possible problems

▶ Generally not a poly-time decidable (Σb
1) axiom set for V j ;

▶ proofs of the vi may be co-final in the U numbers;
▶ totality of exp needed for the Gödel numbers to exist
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Feferman’s construct
Visser’s adaptation

Visser saves the weak

▶ A single trick mitigates all problems in one go:

▶ AxiomV j (ν) :←→
∃ v , p<ν

(
ν = ⌜v ∧ (p = p)⌝ ∧ AxiomV (ν) ∧ ProofU(p, v j)

)
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∆V j :

∀x(x =j x)

Π

φj
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vj0 pj0 =j pj0 vjn pjn =j pjn
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Feferman interpretability applied

Logics for interpretability
An application

Formalised Interpretability

▶ One can study Modal logics for formalised interpretability

▶ The modal expression
A� B

will refer to the arithmetical sentence

(T + A∗) � (T + B∗)

▶ Just as the modal expression

2A

will refer to the arithmetical sentence

2TA
∗.
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Logics for interpretability
An application

Interpretability logic

Some obvious principles define the basic logic IL
▶ Apart all propositional logical tautologies the axioms

▶ 2(A→ B)→ (2A→ 2B);
▶ 2A→ 22A;
▶ 2(2A→ A)→ 2A;
▶ 2(A→ B)→ (A� B);

▶
(

(A� B) ∧ (B � C )
)
→ (A� C );

▶
(

(A� C ) ∧ (B � C )
)
→

(
(A ∨ B) � C

)
;

▶ (A� B)→ (3A→ 3B);
▶ 3A� A.

▶ The only rules are Modus Ponens and Necessitation: A
2A .
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Logics for interpretability
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Feferman and Visser in action

IL axioms:
2(A→ B)→ (2A→ 2B)
2A→ 22A
2(2A→ A)→ 2A
2(A→ B)→ (A� B)(

(A� B) ∧ (B � C )
)
→ (A� C )

(
(A�C )∧ (B �C )

)
→

(
(A∨B)�C

)

(A� B)→ (3A→ 3B)
3A� A.

A� B → 2(A�k B)

→ 2(3A→ 3kB)

→ 2(3A ∧2C → 3kB ∧2C )

→ 2(3A ∧2C → 3kB ∧2k2C )

→ 2

(
3A ∧2C → 3k(B ∧2C )

)

→ (3A ∧2C ) �3k(B ∧2C )

→ (3A ∧2C ) �k (B ∧2C )

→ (3A ∧2C ) � (B ∧2C )

More details and applications at

https://arxiv.org/abs/2406.18506
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Thanks for feedback!

Workshop on Proof Theory, Modal Logic and Reflection
Principles

Invited Speakers:

▶ Michael Rathjen

▶ Gilda Ferreira

▶ Juan Aguilera

▶ Alex Kavvos

▶ Daniyar Shamkanov

▶ Raheleh Jalali

Tutorials:

▶ Mateusz  Le lyk

▶ Ali Enayat

Important Dates:

▶ Conference: September
2–5, Ghent University

▶ Paper Submission Deadline:
July 15

Website: wormshop2024.ugent.be
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