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Turing progressions and orderings on worms

Turing progressions

» Recall:

To = T,
To + Con(Ty);
Ua<r Ta for limit A.

Ta+ 1
Ty
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Turing progressions and orderings on worms

Turing progressions

» Recall:
>
To = T,
Tar1 = To+Con(Ty,);
Ty = Uger Ta for limit \.

» Proposition For each ordinal o < g¢ there is some
GLP,-worm A such that T + A is 1y equivalent to T,.

David Fernandez Duque1 and Joost J. Joosten? Ordinal analysis



Turing progressions and orderings on worms

Turing progressions

» Recall:
To = T,
Tar1 = To+Con(Ty,);
Ty = Uger Ta for limit \.
» Proposition For each ordinal o < g there is some
GLP,-worm A such that T + A is Iy equivalent to T,.
» In this lecture: compute order-types of worms
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Arithmetic, Reflection and GLP

» Definition: RFNp (7) := {O7r7n(x) — n(x) | 7 € Ny}
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Arithmetic, Reflection and GLP

» Definition: RFNp, (T) := {O77(x) — 7(x) | m € My}
» Proposition : RFNp, (T) can be written as a single formula
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)
» Proof : Reason in EA and suppose both (n)7T and Oy.
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)

» Proof : Reason in EA and suppose both (n)7T and Oy.
Now —, yields a contradiction by provable
¥ p+1-completeness for [n] 1.
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)

» Proof : Reason in EA and suppose both (n)7T and Oy.
Now —, yields a contradiction by provable
¥ p+1-completeness for [n] 1.

» For the other direction, assume for a contradiction that [n] L.
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)

» Proof : Reason in EA and suppose both (n)7T and Oy.
Now —, yields a contradiction by provable
¥ p+1-completeness for [n] 1.

» For the other direction, assume for a contradiction that [n] L.

> Then for some 7 € M® with Truen,(7), we have that [0] 74, L
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Arithmetic, Reflection and GLP

Theorem : EA+ (n)7T =RFNp_, (T)

Proof : Reason in EA and suppose both (n)7T and O7.
Now —, yields a contradiction by provable
¥ p+1-completeness for [n] 1.

v

v

v

For the other direction, assume for a contradiction that [n] L.

v

Then for some 7 € M2 with Truen, (7), we have that [0] 74, L

v

Whence [0] =7 thus Truen,,,(—7) by reflection
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Arithmetic, Reflection and GLP

» Theorem : EA+ (n)7T =RFNp_, (T)

Proof : Reason in EA and suppose both (n)7T and O7.
Now —, yields a contradiction by provable
¥ p+1-completeness for [n] 1.

v

For the other direction, assume for a contradiction that [n] L.
Then for some 7 € M2 with Truen, (7), we have that [0] 74, L
Whence [0] =7 thus Truen,,,(—7) by reflection

vV v v VY

The latter contradicts the assumption that Truep, ()
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,

> As DEsz(a(o,z) Ay (o(y,z) — oly +1,2)) — o(x, z))
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,
> As DEAVZ(U(O,Z) AVy (o(y,z) = o(y +1,2)) — o(x, z))
» Reflection yields:
Vz (O'(O,Z) AVy (o(y,z) = o(y +1,2)) — J()'(,Z))
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,
> As DEAVZ(U(O,Z) AVy (o(y,z) = o(y +1,2)) — o(x, z))
» Reflection yields:
Vz (O'(O,Z) AVy (o(y,z) = o(y +1,2)) — J()'(,Z))
> For the other direction use RFNp,,,(EA) = RFNy (EA)
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,

Proof : Let o(y,z) € &,

As DEAVZ(U(O,Z) AYy (o(y,z) = o(y +1,z)) — o(X, z))
Reflection yields:

Vz (O'(O,Z) AVy (o(y,z) = o(y +1,2)) — J()'(,Z))

For the other direction use RFNp ,,(EA) = RFNy, , (EA)
Thus consider a proof 1 of some 0 € X, 41

v

v
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,
> As DEsz(a(o,z) Ay (oly, 2) — oy +1,2)) — o(x, z))
» Reflection yields:

Vz (O'(O,Z) AVy (o(y,z) = o(y +1,z)) — J()'(,Z))
> For the other direction use RFNp,,,(EA) = RFNy (EA)
» Thus consider a proof N of some 0 € ¥ 11

» Go to a cut-free proof M’ and by ¥, 1-induction on the length
of " prove Truey, (o)
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Arithmetic, Reflection and GLP

» Theorem : RFNp ,(EA) = /%,
» Proof : Let o(y,z) € &,
> As DEsz(a(o,z) Ay (oly, 2) — oy +1,2)) — o(x, z))
» Reflection yields:

Vz (0’(0,2) AVy (o(y,z) = o(y +1,z)) — J()'(,Z))
> For the other direction use RFNp,,,(EA) = RFNy (EA)
» Thus consider a proof N of some 0 € ¥ 11

» Go to a cut-free proof M’ and by ¥, 1-induction on the length
of " prove Truey, (o)

» By standard techniques in proof-theory this can be lowered to
> , induction
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Arithmetic, Reflection and GLP

> RFNp,.,(EA) = /%,
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Arithmetic, Reflection and GLP

> RFNp,.,(EA) = /%,

» This uses cut-elimination, so only provable once
super-exponentiation is provably total
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Arithmetic, Reflection and GLP

» RFNp, ,(EA) = 1%,
» This uses cut-elimination, so only provable once
super-exponentiation is provably total

» EAT is defined as EA + supexp
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Arithmetic, Reflection and GLP

> RFNp,.,(EA) = /%,

» This uses cut-elimination, so only provable once
super-exponentiation is provably total

» EAT is defined as EA + supexp
> Thus, EA* - RFNp,,, (BA) = /T,
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Arithmetic, Reflection and GLP

RFNp, ,(EA) = /%,

This uses cut-elimination, so only provable once
super-exponentiation is provably total

EA™ is defined as EA + supexp
Thus, EA* F RFNp | (EA) = /%,
We also saw EA F (n)gaT = RFNp,, (EA)

v

v
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Arithmetic, Reflection and GLP

> RFNp,.,(EA) = /%,

» This uses cut-elimination, so only provable once
super-exponentiation is provably total

EA™ is defined as EA + supexp

Thus, EA* F RFNp,, (EA) = /%,

We also saw EA F (n)gaT = RFNp,, (EA)
Thus, EAT - (n+ 1)paT = 1%,

vV v. v Y
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Arithmetic, Reflection and GLP

> RFNp,.,(EA) = /%,

» This uses cut-elimination, so only provable once
super-exponentiation is provably total

EA™ is defined as EA + supexp

Thus, EA* F RFNp,, (EA) = /%,

We also saw EA F (n)gaT = RFNp,, (EA)
Thus, EAT - (n+ 1)paT = 1%,

See how expressible the closed fragment is!

vV v v v Y
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that

EA + <1>EAT =m EA + {<0>n—|— ’ ne w}
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

» This can be generalized
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

» This can be generalized
» Fundamental sequences for worms:
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

» This can be generalized
» Fundamental sequences for worms:

> Qp) = (n)e
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

» This can be generalized
» Fundamental sequences for worms:

> Q) = (n)e
> QHe) = (e A QA(9)
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

» This can be generalized
» Fundamental sequences for worms:

> Q) = (n)e
> QHe) = (e A QA(9)

> Thus, Q(¢) = (n)
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =m EA + {<0>n—|— ’ ne w}
» This can be generalized
» Fundamental sequences for worms:
> Qp) = (n)y
> QitHe) = (m(e A QR(v))
> Thus, Qa(v) = (n)y

(n
Qu () = (m)(¥ A (n)v)

David Fernandez Duque1 and Joost J. Joosten? Ordinal analysis



Fundamental sequences

The reduction property The reduction property and its formalization

v

We already saw that

EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

v

This can be generalized

v

Fundamental sequences for worms:

> Qp) = (ny
> QK (p (M (e A QK(¥))

(¢) =
Thus, Q)(¢¥) = (m)v
Qu () = (m)(¥ A (n)v)
Q7 (%) = (M (¥ A () (¥ A (n)1))

v
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Fundamental sequences

The reduction property The reduction property and its formalization

v

We already saw that

EA + <1>EAT =m EA + {<0>n—|— ’ ne w}

v

This can be generalized

v

Fundamental sequences for worms:

> Qp) = (ny

> Qi(p) = (m(e A Qx())
» Thus, Q%(v) = (n)y
> Qu(¥) = (m(¥ A ()
> Qa() = (MW A (m)(¥ A (n)))
> etc
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Fundamental sequences

The reduction property The reduction property and its formalization

» It not hard to see that:
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Fundamental sequences

The reduction property The reduction property and its formalization

» It not hard to see that:

» For any worm A and numbers k and n we have Q¥(A) is
again a worm
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Fundamental sequences

The reduction property The reduction property and its formalization

» It not hard to see that:

» For any worm A and numbers k and n we have Q¥(A) is
again a worm

» Moreover:
GLP - (n+ 1)A — (0)QK(A)

for any numbers k and n
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Fundamental sequences

The reduction property The reduction property and its formalization

» It not hard to see that:

» For any worm A and numbers k and n we have Q¥(A) is
again a worm

» Moreover:
GLP - (n+ 1)A — (0)QK(A)
for any numbers k and n
» That is
QK(A) <o (n+1)A

for any numbers k and n
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that

EA + <1>EAT =n, EA + {<0>nEAT | n e w}
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that
EA + <1>EAT =n, EA + {<0>nEAT | ne w}
» This can be generalized:

EA + (n+ 1)paA =n, BA 4+ {QX(A) | k € w}
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that

EA + (1)paT =n, EA 4+ {(0)"EAT | n € w}
» This can be generalized:

EA + (n+ 1)paA =n, BA 4+ {QX(A) | k € w}

» Moreover, provable in EA™!
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Fundamental sequences

The reduction property The reduction property and its formalization

» We already saw that

EA + (1)paT =n, EA 4+ {(0)"EAT | n € w}
» This can be generalized:

EA + (n+ 1)paA =n, BA 4+ {QX(A) | k € w}

» Moreover, provable in EA™!

» Thus both theories are equi-consistent:

EAT F (0)pa(n+ 1)gaA «—— Yk (0)ga QX(A)
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Fundamental sequences

The reduction property The reduction property and its formalization

v

We already saw that

EA + <1>EAT =n, EA + {<0>nEAT | n e w}

v

This can be generalized:

EA + (n+ 1)paA =n, BA 4+ {QX(A) | k € w}

v

Moreover, provable in EAT!

v

Thus both theories are equi-consistent:

EAT F (0)pa(n+ 1)gaA «—— Yk (0)ga QX(A)

v

This is called the formalized reduction property
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals
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A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which
transfinite induction suffices to prove Con(T)
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which

transfinite induction suffices to prove Con(T) coincides almost
always with supremum of order-types provably total
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which
transfinite induction suffices to prove Con(T) coincides almost
always with supremum of order-types provably total

> I'Ig ordinals: in terms of provable total recursive functions
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Proof-theoretical ordinals
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A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which
transfinite induction suffices to prove Con(T) coincides almost
always with supremum of order-types provably total

> I'Ig ordinals: in terms of provable total recursive functions

» However, I'I(l) are much more fine-grained
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which
transfinite induction suffices to prove Con(T) coincides almost
always with supremum of order-types provably total

> I'Ig ordinals: in terms of provable total recursive functions
» However, I'I(l) are much more fine-grained
|PA + COH(PA)’ntl) =¢eg-2

v
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» The MY proof theoretical ordinal of most theories T coincides
with other proof theoretical ordinals

» Gentzen's M1: minimal “natural” ordinal along which
transfinite induction suffices to prove Con(T) coincides almost
always with supremum of order-types provably total

I'Ig ordinals: in terms of provable total recursive functions
However, I'I(l) are much more fine-grained
|PA + COH(PA)’ntl) =¢eg-2

whereas |PA||—|? =€p

vV v.v VY
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Let (I, <) be a natural arithmetical representation in EA of
some ordinal
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Let (I, <) be a natural arithmetical representation in EA of
some ordinal

» We denote by TI[X, ] the collection of transfinite induction
axioms for all formulas in X:
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Let (I, <) be a natural arithmetical representation in EA of
some ordinal

» We denote by TI[X, ] the collection of transfinite induction
axioms for all formulas in X:

Yy (Vy'<y (X, y") = o(X,y)) — Vy o(X,y)
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Let (I, <) be a natural arithmetical representation in EA of
some ordinal

» We denote by TI[X, ] the collection of transfinite induction
axioms for all formulas in X:

Yy (Vy'<y (X, y") = o(X,y)) — Vy o(X,y)
> with p(X,y) € X
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
» Proof: We reason in EAT
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
» Proof: We reason in EAT

» and observe that we have
PA C EA + {<1>EAT, <2>EAT7 <3>EAT7 <4>EAT> .. }
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)

» Proof: We reason in EA™

» and observe that we have
PA C EA + {<1>EAT, <2>EAT7 <3>EAT7 <4>EAT> .. }

» Consequently,
Con(EA + {{1)paT,(2)ga T, (3)EA T, (4)paT,...}) —
Con(PA)
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Proof-theoretical ordinals

A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
» Proof: We reason in EAT

» and observe that we have
PA C EA + {<1>EAT, <2>EAT7 <3>EAT7 <4>EAT> .. }

» Consequently,
Con(EA + {{1)paT,(2)ga T, (3)EA T, (4)paT,...}) —
Con(PA)

» We show Con(EA + {(1)gaT,(2)gaT, 3)EaT, (4)EaT,...})
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Proof-theoretical ordinals

A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
» Proof: We reason in EAT

» and observe that we have
PA C EA + {<1>EAT, <2>EAT7 <3>EAT7 <4>EAT> .. }

» Consequently,
Con(EA + {{1)paT,(2)ga T, (3)EA T, (4)paT,...}) —
Con(PA)

» We show Con(EA + {(1)gaT,(2)gaT, 3)EaT, (4)EaT,...})

» For this, it suffices to show

Yn <0>EA<’7>EAT
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Proof-theoretical ordinals

A consistency proof for PA

A consistency proof for PA

» Theorem: EAT + TI[N?, &o] - Con(PA)
» Proof: We reason in EAT

» and observe that we have
PA C EA + {<1>EAT, <2>EAT7 <3>EAT7 <4>EAT> .. }

» Consequently,
Con(EA + {{1)paT,(2)ga T, (3)EA T, (4)paT,...}) —
Con(PA)

» We show Con(EA + {(1)gaT,(2)gaT, 3)EaT, (4)EaT,...})

» For this, it suffices to show

Yn <0>EA<’7>EAT

v

Let us drop the subscripts ga in the remainder of this proof
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» It suffices to show Vn (0)(n)T
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A consistency proof for PA

» It suffices to show Vn (0)(n)T

» By transfinite induction
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A consistency proof for PA

A consistency proof for PA

» It suffices to show Vn (0)(n)T
» By transfinite induction

> It is known that (5, <p) is provably in EA isomorphic to
<€07 <>
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

» It suffices to show Vn (0)(n)T
» By transfinite induction

> It is known that (5, <p) is provably in EA isomorphic to
<€07 <>
» Thus we have access to transfinite induction over (5%, <q)
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Proof-theoretical ordinals
A consistency proof for PA

A consistency proof for PA

v

It suffices to show Vn (0)(n)T
By transfinite induction

v

v

It is known that (5%, <g) is provably in EA isomorphic to
<€07 <>
Thus we have access to transfinite induction over (S5, <q)

v

v

We shall prove something slightly stronger:
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Proof-theoretical ordinals
A consistency proof for P/

A consistency proof for PA

v

It suffices to show Vn (0)(n)T
By transfinite induction

v

v

It is known that (5%, <g) is provably in EA isomorphic to
<€07 <>
Thus we have access to transfinite induction over (S5, <q)

v

v

We shall prove something slightly stronger:
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Which combined with () gives us our result: Con(PA) 37

David Fernandez Duque1 and Joost J. Joosten? Ordinal analysis



	Turing progressions and orderings on worms
	Turing progressions

	Arithmetic, Reflection and GLP
	The reduction property
	Fundamental sequences
	The reduction property and its formalization

	A consistency proof for PA
	Proof-theoretical ordinals
	A consistency proof for PA


