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Degree of incompleteness

Let L be a (modal or superintuionistic) logic. Let Fr(L) be the
class of Kripke frames validating L.

Definition (Fine, 1974). The degree of incompleteness of L is
the cardinal κ if there are exactly κ logics L′ such that
Fr(L′) = Fr(L).

All but one of these L′ are Kripke incomplete.

This notion quantifies the phenomena of incompleteness.

Problem (Fine, 1974). What is the degree of incompleteness in
extensions of K, K4, S4 and IPC?
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Degree of incompleteness

Blok (1978) gave a very unexpected solution for extensions of
basic modal logic K.

Blok’s dichotomy theorem. A normal modal logic L has the
degree of incompleteness either 1 or 2ℵ0; it is 1 iff L is a
join-splitting logic; otherwise it is 2ℵ0 .

A characterization of degrees of incompleteness in extensions of
K4, S4 and IPC remains an outstanding open problem.
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Degrees of fmp

For a logic L, let Fin(L) be the class of finite Kripke frames
validating L.

Then L has the finite model property (fmp for short) if L is
complete with respect to Fin(L).

Definition. The degree of fmp of a logic L is κ (deg(L) = κ) if
there exist exactly κ logics L′ such that Fin(L′) = Fin(L).

As with the degree of incompleteness, all but one of such L′ lack
the fmp.
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Degrees of fmp

Our main result establishes a complete opposite of Blok’s
dichotomy theorem for superintuitionistic logics (si-logics) and
transitive (normal) modal logics.

Antidichotomy Theorem (G.B., N. B., and T. Moraschini, 2023)
For each nonzero cardinal κ such that κ ≤ ℵ0 or κ = 2ℵ0 there is
an si-logic L such that deg(L) = κ.

Under the Continuum Hypothesis (CH) this implies that each
nonzero κ ≤ 2ℵ0 is realized as the degree of fmp of some
superintuitionistic logic (or some transitive modal logic).

For this reason, we refer to this result as the antidichotomy
theorem for degrees of fmp.

Using the Blok-Esakia isomorphism this result generalizes to
extensions of K4 and S4.
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This answers a question posed by Litak (2008):

“if there is any nontrivial completeness notion for which the
Blok Dichotomy does not hold.”

Answer: Yes, conisder completeness for finite frames (the fmp)
for superintuionistic and transitive modal logics.
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In a recent joint work with J. Aguilera and T. Takahashi we
managed to remove the use of CH.

Theorem (J. Aguilera, N.B., and T. Takahashi, 2026)
Each nonzero κ ≤ 2ℵ0 is realized as the degree of fmp of some
superintuitionistic logic (or some transitive modal logic) in ZFC.
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Duality for Heyting algebras

Given a Heyting algebra A let A∗ be the frame of prime filters
(Pf(A),⊆) with the topology generated by {σ(a), σ(a)c : a ∈ A},
where

σ(a) = {x ∈ Pf(A) : a ∈ x}.

Given a topological frame F we let F∗ be the Heyting algebra of
all (clopen) upsets where:

U → V = {x ∈ F : ↑x ⊆ Uc ∪ V}.

Theorem (Esakia, 1974) For each Heyting algebra A we have

A ∼= (A∗)
∗.
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The Kuznetsov-Gerčiu logic

The Kuznetsov-Gerčiu logic KG is the si-logic of all frames
F1 + · · ·+ Fn where F1, . . . ,Fn are generated subframes of RN.



Generated subframes

A frame G = (W′,R′) is a subframe of F = (W,R) if

1 W′ ⊆ W and R′ = R ∩ (W′ ×W′).

A frame G = (W′,R′) is a generated subframe of F = (W,R) if it
is a subframe and

1 x ∈ W′ and xRy imply y ∈ W′,
2 W′ is topologically closed.
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Rooted KG-frames



p-morphic images

Let F = (W,R) and G = (W′,R′) be frames.

A map f : W → W′ is a p-morphism if

1 xRy implies f(x)R′f(y),
2 f(x)Ry′ implies there is z ∈ W such that xRz and f(z) = y.

p-morphic image is an onto map under a p-morphism.
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Subframe formulas

Subframe Lemma. For each finite rooted F, there is a formula
β(F) such that for each G we have

B 2 β(F) iff F is a p-morphic image of a subframe of G.



The Kuznetsov-Gerčiu logic

Theorem (Kracht, 1993) KG is axiomatized by subframe
formulas.
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Recall that a pair of elements (a, b) of a lattice L splits L if L is
the disjoint union of ↑a and ↓b.

An si-logic L is a splitting logic if there is an si-logic M such that
the pair (L,M) splits the lattice Ext IPC.

An si-logic is join-splitting if it is a join in Ext IPC of a set of
splitting si-logics.
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IPC + J (F)

IPC

Log(F)

CPC

Figure: Splitting of the lattice of varieties of Heyting algebras
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Jankov (1963) provided an axiomatization of join-splitting
si-logics.

With each finite rooted F we can associate the formula (the
Jankov formula of F and denoted J (F)) that axiomatizes the
least si-logic L such that F 6|= L.

Jankov Lemma. Let F and G be frames with F finite and
rooted. Then

G 2 J (F) iff F is a p-morphic image of a generated subframe
of G.
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The Kuznetsov-Gerčiu logic

Theorem (Kracht, 1993) KG is axiomatized by Jankov formulas.

This implies that if L 6⊇ KG, then Fin(L) 6= Fin(KG).

It is sufficient to restrict our attention to rooted frames
throughout.

L 6⊇ KG implies that some L-frame G 6|= J (F).

So F is a p-morphic image of a generated subframe of G.

And F is an L-frame, which is not a KG-frame.

So the degree of fmp above KG agrees with the degree of fmp in
si-logics.
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L0 ) · · · ) Ln.
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Antidichotomy

Main Result (Antidichotomy Theorem)

For each nonzero cardinal κ such that κ ≤ ℵ0 or κ = 2ℵ0 , there
is an si-logic L such that deg(L) = κ.
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